Due to gravitational lensing effect, a black hole casts a shadow larger than its horizon over a bright background and the shape and size can be calculated. We discuss rotating black holes surrounded by a perfect fluid, namely rotating Rastall black hole, which is characterized by mass M , spin a, field structure parameter N s and the Rastall parameter ψ. Based on a detailed discussion of the photon regions in these space-times, we derive an analytical formula for the shadow of a rotating Rastall black hole. We go on to visualize the shadow of black holes for various values of the parameters. For a given value of parameters, the presence of a positive Rastall parameter ψ enlarges the shadow and reduces its deformation with respect to the one in the Kerr spacetime, while for a negative Rastall parameter ψ, the effect is opposite. Interestingly, for a given value of parameters a and N s , shadows of the black hole, deformed concentric circles with right border becoming significantly more oblate with increase in the parameter ψ and similar effect is seen while increasing N s with a given a and ψ. Further, the deformed circles become larger in these both cases.
I. INTRODUCTION
Einstein theory of General relativity (GR) acknowledge the minimal coupling between the spacetime geometry and the matter field, which as a consequence leads to the covariant conservation of energy-momentum tensor. However, in the absence of any strong argument for such conservation except for the weak gravitational field limit or Minkowski flat spacetime, we are open to modify the GR, provided that we revert back to Einstein GR in limiting case. Having the assertion that T µν ;ν = 0 may not hold true in curved spacetime, Rastall [1] proposed an interesting modification of GR by invoking a non-minimal coupling between spacetime geometry and matter field. In such a theory, the covariant divergence of energymomentum tensor should depend on the spacetime curvature through a coupling parameter, such that we get back the Einstein theory of GR in the limit of zero coupling. Indeed, the non-minimal coupling of matter field to spacetime geometry is considered as [1] T ν µ;ν = λR ,µ ,
where λ quantify the deviation from the Einstein theory of GR and shows the tendency of the matter field to couple with the geometry, called the Rastall parameter. With such generalization the Einstein's field equation get modified to
where κ is gravitational coupling constant in the Rastall theory (hereafter we called ψ = κλ a Rastall coupling parameter). It turns out that all vacuum solutions of GR are also solution of Rastall theory. However, the non-vacuum solutions depend upon the Rastall coupling parameter and are significantly different from corresponding solutions in GR, thereby making the Rastall gravity aesthetically rich [2] .
Recently, Rastall theory of modified GR grabbed the great attention and a rich diversified research dedicated to it are available in literature including on standard cosmology [3] [4] [5] , loop quantum gravity [6] , Kaluza-Klein theory [7] , Brans-Dicke theory [8] . It is worthwhile mentioning here that the Rastall theory seems to be phenomenologically supported by particle creation process in the curved space time [9] [10] [11] [12] . The energy exchange between the spacetime geometry and the gravitating fluid accounts for this non-conservation of fluid's stress-energy tensor. However, little is known about Rastall gravity exact solutions, which deserve to be understood better to get insight of effect of non-minimal coupling between spacetime geometry and matter field. Nevertheless, recently, interesting measures have been taken to get the spherically symmetric black hole solutions of Rastall gravity [13] . In particular, spherically symmetric black hole solutions with perfect fluid background in [2] , and a noncommutative black hole solution was obtained in Rastall gravity [14] . Also, some other work compares Rastall gravity with general relativity [15, 16] and also black hole thermodynamics has been discussed [17, 18] . The no-hair theorem recommends the Kerr black hole as astrophysical black hole candidates, but there still lacks direct evidence and its actual nature
has not yet been verified. Indeed, the so far observation have the consent that the rotating astrophysical black hole show deviation from the exact Kerr black hole. This open an arena for investigating properties of black holes that differ from Kerr black holes. Johannsen and
Psaltis [19] proposed a new model to test the no-hair theorem in a strong gravity regime.
The proposed metric for the rotating black holes known as the deformed-Kerr (or non- Kerr) black hole metric that introduces a new parameter known as the deformation parameter other than the mass and the rotation parameter. The generalization of these stationary black holes in the Rastall gravity to the axially symmetric case, Kerr-Newman like black hole, was addressed recently [17, 20] . Interestingly, for a set of parameters and a chosen matter field, there exists a critical rotation parameter (a = a E ), which corresponds to an extremal black hole with degenerate horizons with value a E , which is also influenced by parameters arising due to Rastall gravity. The shadow observation of rotating black hole provide a promising approach to test the underlying theory governing the spacetime and to determine the near horizon spacetime properties, together it also test the assumption of the no-hair theorem (see e.g. [21] ). In addition, the observation of shadow and it's deformations resulting in the case of non-zero spin a, is expected to help in determining the various black hole properties [22] .
The purpose of this paper is to investigate the shadow of rotating black hole surrounded by perfect fluid in the Rastall theory. It is found that the surrounding field modified by the Rastall coupling left a significant imprint on the black hole shadow. The astrophysical black hole characterized by mass M and rotation parameter a in the presence of bright background cast a shadow, which is believed as a potential evidence for the direct observation of the presence of black hole in the galactic center. The shape of shadow depict the important properties of near black hole spacetime. Within the next decade, we will be able to directly image the accretion flow around the super-massive black hole (SgrA*) at the center of our galaxy, from that it would be possible to observe the black hole shadow. Therefore, the shadow of rotating black hole in the presence of perfect fluid would provide us a best way to test the hypothesis of Rastall theory. Synge [23] in 1966 developed the first ever motivation to study the shadow of Schwarzschild black hole. Since then a comprehensive study of shadow for a wide class of black holes including isolated rotating black holes as well as surrounded black hole have been made, i.e. for Kerr black hole [24] , for Kerr-Newman black hole [25] , for black holes in extended Chern-Simons modified gravity [26] , and a Kaluza-Klein rotating dilaton black hole [27] , regular black hole [28] [29] [30] . The study of black hole shadow is a prominent way to estimate the characteristic parameters of black hole, i.e. the deviation of the shadow from a circle is a measure for the spin of the black hole [31] [32] [33] . The study of black hole shadow for different spacetime have been done by several researchers [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] . This subject of interest has been extended to higher-dimensional spacetime by several researchers [51] [52] [53] [54] . It is time to advance the theoretical investigations of the black hole shadow as a basis for evaluating the observational results that are to be expected soon.
The paper is organized as follow. In Sec. II, we summarize the relevant properties of space-times of the rotating Rastall black hoes. Further in Sec.III, we discuss about the null geodesics in this spacetime, and characterize the possible photon orbits around black hole.
In Sec. IV, we discuss the black hole shadow and introduce two observables to discuss the apparent shape of the black hole shadow . Energy emission rate for black hole surrounded by photon sphere is discussed in Sec. V. In Sec. VI, we summarize our main results.
The metric considered here is for rotating Rastall black hole a generalization of the Kerr metric as well as of the Kerr black hole surrounded by a quintessence matter. We worked in four dimensional spacetime with metric signature (-, +, +, +) and use a system of units in which c = G = = 1. Greek indices are taken to run from 0 to 3.
II. ROTATING BLACK HOLE IN RASTALL THEORY
The static, spherically symmetric black hole solution in the presence of the perfect fluid in the context of Rastall theory has been found by Heydarzade and Darabi [2] . The rotating counterpart was obtained in [17, 20] which in the Boyer-Lindquist coordinate takes the form [17, 20] 
, where N s is the surrounding field structure parameter and in it's absence (N s = 0), the black hole metric (3) reduces to Kerr black hole [55] . For the particular case (ψ = 0), the metric mimic the rotating quintessential black hole in GR [56] , while the Schwarzschild solution can be Table I and II. It turns out that, for a given a, there exists a critical value of ψ (=ψ E ) such that ∆ = 0 has a double root which corresponds to an extremal black hole with degenerate horizons (r + = r q = r E ) as shown in Table I and II. When ψ < ψ E , ∆ = 0 has three simple zeros, and has one zero for ψ > ψ E . These two cases corresponds, respectively, a non-extremal black hole with a Cauchy horizon, event horizon, and quintessential horizon and a rotating naked singularity with surrounding cosmological horizon. Simillarly, we can also find extremal black hole for N E s (cf. Table II) . It can be easily notice that event horizon radius increases while quintessential horizon radius decreases for the increasing values of Rastall coupling parameter (ψ) and field structure parameter (N s ). Consequently, with the increasing Rastall coupling the size of black hole horizon grows.
The peculiarity of Rastall theory is that a field of stress-energy tensor T µν (not conserved) get modifies owing to non-zero Rastall coupling (ψ) and will behave as an effective field of conserved stress-energy tensor T ′ µν in Rastall gravity, thus the solutions of Einstein's field equation in this theory are effectively different from those of GR, i.e. a dust field with ω s = 0 may get modified to a quintessence or to an even stronger repulsive phantom field, subject to the suitable choice of ψ. The non-zero value of ψ introduces a new character to black hole and thus the spacetime properties near black hole would be drastically changed.
III. PHOTONS GEODESICS AROUND ROTATING BLACK HOLE
Let us consider that the black hole is in the front of an extended source of light. Depending upon the photon energy and angular momentum these source photon may get scatter, capture or move in the circular orbit [57] . The marginally trapped photons which revolves around the black hole many times before reaching to the distant observer casts black hole shadow silhouette. Tracing back these photons trajectory will give us the apparent shape and size of black hole shadow, which, for the Kerr black hole, depends upon the black hole parameters (M, a) and interestingly on the inclination angle (θ 0 ) between direction of far observer and axis of rotation. Therefore, in order to discuss the black hole shadow, we study the geodesic equations of the photons for asymptotically flat and stationary metric (3). We adopt Hamilton-Jacobi equation and Carter constant separable method [58] to study the complete geodesic equation of motion. The most general form of Hamilton-Jacobi equation can be read:
where S = S(τ, x µ ) is the Jacobean action. Now, for stationary and axially symmetric spacetime Eq. (3) we are taking a separable solution for the Jacobi action S as [57]
where constants E and L are energy and angular momentum respectively, m 0 is the mass of the test particle. The black hole metric Eq. (3) allows two Killing vectors corresponding to the time translational and rotational invariance which guarantees the existence of two conserved quantities E and L, respectively. Using the variable separable method upon inserting Eq. (5) into Eq. (4), we obtain the complete equations of motion for photon around the rotating black hole Eq. (3), which takes the following form:
where the expressions for R(r) and Θ(θ) in Eq. (7) and (8) takes the form
with K as the Carter constant, and τ as affine parameter. The geodesic of a test particle around rotating Rastall black hole are completely determined by the equations (6)- (9) and for N s = 0 these geodesic equations reduce to the corresponding equations around Kerr black hole. Now, to analyse the photon orbit we introduce two dimensionless impact parameters η and ξ, which have a functional form in terms of energy E, angular momentum L and Carter
Every orbit is characterize by the constants of motion η and ξ. Indeed, η and ξ are further related to the celestial coordinates. For photon (m 0 = 0), the Eq. (7) in terms of dimensionless quantities η and ξ takes the form:
The shape of the black hole shadow is dictated by the null geodesic. It must be stressed out that geodesic are possible only when (R > 0), therefore the nature of roots of R will distinguish the geodesics around black hole. Out of all possible motion, i.e. capturing (no real root of R), scattering (R has real roots for r ≥ r + ), and unstable circular orbits, only the unstable orbits play a role in casting shadow silhouette of black hole whose radius can be found by (R = dR/dr = 0). It is found that photons with a large value of orbital angular momentum experience scattering, while those with small values get capture by a black hole. It must be noticed that, shadow boundary is not the unstable circular photon orbit trajectory rather it is the apparent shape of the unstable circular orbit around black hole, because of the strong gravitation field in the vicinity of black hole. The shape of a black hole is completely described by the boundary of its shadow which is the apparent shape of unstable circular photon orbits. In order to obtain the circular orbit of the photon it is important to study the radial motion. One can rewrite the radial equation of motion (7) as [38] dr dτ
where V ef f is the effective potential experienced by the test particle, which reads in terms of impact parameters:
The unstable circular orbit (ṙ =r = 0) occur for the maximum value of the effective potential
where σ = 3ψ(1 + ω s ) − 1 and r 0 is the unstable circular orbit radius satisfying (V ef f = ∂V ef f ∂r = 0). The expressions of ξ and η in Eqs. (17) and (18) are sufficient to determine the contour of the shadow in the (ξ, η) plane, which revert back for the standard Kerr black hole in the absence of the surrounding field (N s = 0) [32] .
These equation further give the silhouette of non-rotating black hole in GR satisfying the relation η + ξ 2 = 27, for a = 0 and r 0 = 3.
IV. SHADOW OF ROTATING BLACK HOLE IN RASTALL GRAVITY
In this section, we will discuss the black hole shadow more elaborately and see whether
Rastall gravity marks some significant imprint on shadow. A black hole shadow infers about the properties of near black hole spacetime and provide a strong and tentative way to find out the black hole parameters. As already stated earlier that photons moving in unstable circular orbit around a black hole form shadow silhouette which appears as a sharp boundary between bright and dark region. In fact the shape of a black hole replicates in its shadow, GR predicts that if we fire a photon inside this shape it will get capture, while those fires outside will get scatter. In idealized setting whose shape and size completely depend upon the black hole parameters and spacetime geometry [57, 59] . However, in general practice its shape and size will get influence by the gravity governing a black hole and the matter around it. The typical shadow cast by a rotating black hole is illustrated in Fig. 1 . The dent on left end side of shadow is due to the non-zero rotation parameter. The Kerr-like shadow (shaded region) appears as a distorted disk when compared with a perfect circle (shadow of non-rotating black hole) (cf. Fig 1) .
To better visualize the shadow on observer frame, let define the celestial coordinates α and β as [32] 
where r s is the distance between the black hole and far distant observer. The coordinates α and β are the apparent perpendicular distances of the image as seen from the axis of symmetry and from its projection on the equatorial plane, respectively. Calculating (dφ/dr) and (dθ/dr) using the null geodesic equations and taking the limit of a far away observer (r s → ∞) one can obtain the relation between celestial coordinates and impact parameters η and ξ as
If the observer lies on the equatorial plane (θ 0 =π/2) of the black hole, then these equations reduces to
Each photon that reaches a distant observer imprint a point on the (α, β) image plane of the sky visible through the telescope. The contour of the following equations traces shadow boundary of the rotating Rastall black hole with shadow radius R s .
Note that the corresponding equation being valid in the static black hole geometry can be obtained in the limiting case a = 0, which reads as
For particular case of black hole surrounded by quintessence field (ω s = −2/3) in GR, the following equation will illustrate the shadow
The Eq. (24) reduces to Kerr black hole shadow in GR for the limit of N s = 0 and takes the form [32] :
The shadow of the rotating Rastall black hole is compared with Kerr black hole shadow in Fig. 2 , and the effects of varying rotation parameter on the shadow is depicted. For a set of fixed values of ψ, ω s and N s the shape of shadow become more and more oblate with increasing a. The entire shadows move toward right along α axes, with increasing a, owing to the frame dragging near horizon. For a typical rotating black hole co-rotating circular photon orbits are closer to the horizon than the counter-rotating ones. Therefore, the prograde photons that have reached the observer, are visible from lesser angular distance from the black hole than the retrograde ones. With increasing a, the co-rotating photon orbit decrease whereas counter-rotating photon radius increase. At sufficiently large value of a, this change in radius is higher for co-rotating photons than the counter-rotating ones, which emerge as a dent on the left side. However, this is notably different for rotating Rastall black hole. For large a, the increment in counter rotating photon radius is greater than the shrinkage in co-rotating photon radius and as a net result this cast an oblateness on the right side. Therefore, the non-zero Rastall coupling makes the compelling changes in the rotating black hole shadow.
As already stated that the Einstein GR is the limiting case of the Rastall theory. This can be easily verified from Fig. 3 . The shadow of the rotating Rastall black holes for different values of the rotation parameter a and Rastall coupling constant ψ is presented in Fig. 3 .
We restrict our discussion on the equatorial plane (θ = π/2) as the observer on this plane sees the immense effects of the black hole shadow. Here, we consider the special cases with to an oblateness. The unusual deformations of the shadow (Fig. 3) would be an essential ingredient for the proof of the fact that strong gravity limit does not hold the conservation of stress-energy tensor, an assumption made in Rastall gravity. Unlike the rotating black holes in presence of quintessential energy in GR, the shadow of the Rastall rotating black hole gets more distorted (becomes more oblate) with increasing values of the rotation parameter for a large Rastall coupling constant (ψ). For the vanishing Rastall coupling (ψ = 0) we obtain the shadow of the rotating black hole surrounded by the quintessence background in GR with The variation of rotating Rastall black hole shadow radius and distortion parameter with ψ is shown in Fig. 6 . With increasing a, the size of shadow grow monotonically while becoming less distorted. However, for sufficiently large ψ the Hioki and Maeda method for shadow observable calculation does not work and is discussed further. It must be discussed
here that the shadow cast by a naked rotating singularity (a > M) has same behaviour as in the Kerr case and hence is not reported here.
In the case of rotating black hole, one may introduce two astronomical observable which approximately characterize the apparent shape [32] . Firstly one can approximate the apparent shape as a best fitted circle of radius R s called the shadow radius, which is nothing but the radius of perfect circle depicting the shadow of non-rotating black hole (a = 0) for same values of black hole parameters. The reference circle must pass by three points: the top position (α t , β t ), the bottom position (α b , β b ) of the shadow, and the point corresponding to the unstable retrograde circular orbit (α r , 0) (cf. Fig. 1) .
The other observable, which is a distortion parameter can be read as
where d is the difference between boundary of the shadow and the reference circle on the left end side on equator, i.e. (d = (α p − α p )) as shown in Fig. 1 . The radius R s basically gives the approximate size of the shadow, while δ s measures its deformation with respect to the reference circle. The salient feature of the rotating black hole shadow is the asymmetry along the rotational axes.
Interestingly, for sufficiently high values of ψ the shadow of Rastall rotating black hole is bigger than the corresponding non-rotating black hole shadow (cf. Fig 7) , which is clearly in contrary with GR; from the definition of distortion parameter δ, this shadow is characterize with negative distortion parameter (α p >α p ). On further increasing ψ, the shadow will progressively become more and more oblate along α axes. Furthermore, the shadow of Their method to study the observables for rotating black hole shadow works very well for lower values of ψ but fails to calculate the observables for sufficiently large values of ψ.
Conclusively, the shadow showed in Fig. 3 and 7 are inferring compellingly that the rotating black hole shadow in the Rastall theory is noticeably different from the corresponding shadow in GR and therefore shadow observation could be use to test the underlying assumption of non-conservative energy-momentum tensor in the Rastall theory.
V. ENERGY EMISSION RATE
In this section, we will discuss the rate of energy emission for rotating black hole (3) surrounded by perfect fluid in Rastall gravity. The low energy absorption cross-section for a spherically symmetric black hole has a universal feature in that it always reduces to the black hole horizon area [60] . However, at high energy scale the absorption cross section oscillate around a limiting constant value, which took the value of geometrical cross section (σ lim ) of the photon sphere in which the black hole is endowed [61] , which tooks the value
where R s is black hole shadow radius. It is believed that it is a generic feature of black hole at high energy surrounded by photon sphere. The expression of the energy emission rate of black hole reads [38, 62, 63] 
where T + is the Hawking temperature for the outer most horizon (r + ) reads as
In the absence of the surrounding field (N s = 0) the expression of the black hole temperature reduces to
which is the temperature for the rotating Kerr black hole. In Fig. 8 , we have plotted energy emission rate for different values of ψ, a, ω s and N s and it is clearly shown in figure (cf. Fig. 8 ) that the Gaussian peak gets down with the increasing value of ψ.
VI. CONCLUSION
The boundary which separates photons that are trapped from those that can escape from the incredible gravitational pull is called the black-hole shadow, because it would appear as a dark shadow against a bright background. It is the target of series of observations presently ongoing for imaging Sgr A*. The observations of a black hole shadow would provide the first direct evidence of black hole existence and would also help to understand their properties.
Furthermore, the study of shadow provide a potential way to test the underlying theory of gravity and could be used to decipher the near horizon spacetime properties.
We have investigated how the size and apparent shape of the black hole is distorted due to the Rastall parameter by analyzing unstable circular orbits, i.e., we have studied the effect of with an increase in the parameter ψ and also the shadow becomes larger (cf. Fig. 3) . A similar effect is seen while increasing N s with a given a and ψ depicted in the Fig. 4 .
In general, the two observables, the radius R s and the distortion parameter δ s , characterizes the apparent shape of a black hole shadow and respectively measures a change in size and distortion of a shadow from a perfect circle. These two astronomical observables in the context of shadow were first introduced by Hioki and Maeda [32] mainly for a Kerr like black holes and can be used to estimate spin parameter and inclination angle. It is found from contemporary observations that the realistic astronomical black hole show some deviation from the exact Kerr black hole. In the subsequent study of black hole shadow in the modified theory of gravity, we may expect to get non-Kerr like shadow for which these observables R s and δ s do not serve the purpose for shadow characterization. It may be possible that these observables may not properly characterize the shadow of the rotating Rastall black hole as it's shadow is completely different from the that of the Kerr black hole.
It will be of interest to generalize these observables formalism in more general settings.
This and a related study will be the subject of our forthcoming paper. 
